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Abstract The DKP equation with Dirac oscillator potential for spin-0 particles has been
studied when both space-space noncommutativity and momentum-momentum noncommu-
tativity are considered. The exact wave functions and corresponding energy levels have been
found. Due to the noncommutative effect, the energy spectrum is not degenerate.
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1 Introduction

The DKP equation that describes the interaction of S =0 and S = 1 hadrons with difference
nuclei is not new and dates back to the 1930s [12, 26]. Historically, considering greater alge-
braic complexity of DKP formulation and the equivalence of DKP approach to the KG and
Proca descriptions in on-shell situations, there are few papers that are interested in the inves-
tigation of the DKP equation. However, in the past decade, this supposed equivalence began
to be studied in several situations involving breaking of symmetries and hadronic process
that shows that in some cases the DKP equation and KG equation can give different results.
There has been a growing interest in studying the DKP equation [5-8, 18, 24, 28]. On other
hand, recently the issue of noncommutative quantum mechanics has been extensively dis-
cussed [9, 33-35]. This was initially motivated by studies of the low energy effective theory
of D-brane with a nonzero Neveu-Schwarz B field background. Many efforts have been de-
voted to the various aspects of noncommutative quantum mechanics, such as Quantum Hall
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effect [10, 14], Landau problem on noncommutative plane [1, 11, 16], the two-dimensional
quantum system with arbitrary central potential [2, 17], and the DKP oscillator in a non-
commutative space [15], etc. The noncommutative phase space is characterized by the fact
that their coordinate operators satisty the equation [4],

[Z*, 2] =i6"", (1

where 6" is a n antisymmetric tensor and plays an analogous role to £ in the usual quantum
mechanics. also, non-commutativity gauge theory and non-commutativity field theory are
widely studied based on Weyl-Moyal correspondence, in which all products are replaced by
the star product in order to obtain their non-commutativity action [23]

i i
(f*8)(x,p) = exp<59”3?3f + En”f’ipaf)f(x, p)g(x, p)

= F(x )8, p) + 5079 £ (. PO} (x. p)

X=X
l

"2

o f(x, p)aTex, p)| . @)

pi=pj

where the constant parameter #/ and "/ is an anti-symmetric tensor and which represents
the noncommutativity of the space, f and g are the infinitely differentiable functions.

In other words, In the noncommutative phase space, (2) of the noncommutative algebra
[21] can be written as:

)8 =i0d,  [F =i, (&, = isl, heﬁ«=h<1+4—;)

i,j=12,3), 3)

where 6"/ and 5"/ are noncommutativity parameters. One possible way of implementing
algebra equation (3) is to construct the noncommutative variables {Xi, X, X3, p1, P2, P3}
from the commutative {xi, x5, x3, p1, p2, p3} by the linear transformation:

fl-:x,-—%e”p,-, ﬁzpﬁ%n”xj i,j=1,2,3). @
The parameters of noncommutativity can be identified with two vectors 7/ = g¥/*¢; and
n" = ¥ ;. Letting 6; = (0, 0, 8) and n; = (0, 0, 1).

As we know, in spite of the great number of papers published regarding the DKP equa-
tion, many works was restricted to commutative or non commutative space and none has
reported its exact solutions in noncommutative phase space. The goal of this study is to
find the exact wave functions and the energy levels of DKP equation with Dirac oscillator
potential for spin-0 particles [15, 27, 29] in noncommutative phase space.

The plan of this paper is organized as follows. In Sect. 2, we obtain the exact solutions
of the DKP equation in noncommutative phase space. Section 3 will be devoted to the con-
clusion.
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2 Exact Solutions of the DKP Equation with Dirac Oscillator Potential for Spin-0 in
Noncommutative Phase Space

Generally, the first order relativistic DKP equation [13, 25, 31, 32] for a free spin-1 or spin-0
particle of mass m is

(iB"0, —m)yr =0, 5)
where g* (u =0, 1,2, 3) matrices satisfy the commutation relation
BB B+ BB BN =" B+ B, g =(1,—1,—1, 1), (6)

which defines the so-called Duffin-Kemmer-Petiau algebra. For spin-1 particles, g are 10 x
10 matrices given by [20]

aT IT
033 033 —I33 0 03x3  03x3 03%x3 k
8T -l AT
0o _ | 03x3 033 033 O || 03x3 033 —is3s O 7
ﬂ - 1 67‘ ) ﬂ - .l (_)T ) ( )
—13x3  03x3  03x3 03x3  183,3  03x3
0 0 0 0 K 0 0 0

where / =1,2,3 and séw are the usual 3 x 3 spin-1 matrices which can be give as follows

0 0 O 0 0 1 0 -1 0
Sha=i10 0 —1|, si,=i| 0 0 Of, si,=i|l 0 Of, (8
01 O -1 0 0 0 0 O
and the other matrices in (7) are given as follows
0 0 O 1 0 0 k' = (100) .
03x3=10 0 0|, Lyx=|0 1 0f, k*=(010) , 0=(000). (9)
0 0 O 0 0 1 k3 = (001)

For spin-0 particles, 8 are 5 x 5 matrices given by

o_| 0 0] i_ 0 ol
ﬂ—[(—)r 0] ﬁ—[_pﬂ 0], (10)

with 6, 0,0as 2 x 2,2 x 3,3 x 3 zero matrices, respectively, and the other matrices in (10)
are given as follows

o1l s [too] _, [ot1o0] s ool
9_[1 o]’ p‘[ooo]’ p‘[ooo] ”_[ooo](”)

In this paper, we mainly consider the DKP equation with Dirac oscillator potential [3] for
spin-0 in noncommutative phase space. In this case, operator p in the free DKP equation
could be substituted by p — imwn°#, with n° = 2(8°?2 — I and (n°)? = I5,5 being the 5 x 5
unit matrix. So the DKP equation with Dirac oscillator interaction in three-dimensional
noncommutative phase space can be written as follows:

[B°E — B (p1 — imawn’%1) — cf(pr — imwn’%s) — cB>(p3 — iman°%3) — me* 1y =0,
(12)
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where the state v is a five-component wave function of the DKP equation, which can be
given by

Y (x1, %2, x3) = (Y1 as)” 13)
Substituting (13) into (12), we can obtain the following coupled equations:
—mc* Yy + EYa + c(p1 + imoR) s + c(par + imwk) Yy + c(p3 + imwis) s =0, (14)

me*y, — Eyry =0, mc* i + c(pr — imwtr) Y =0,
me*ys 4 c(pr — imwiy)yy =0, me?ys + c(p3 — imwiz) Yy =0.

The (14) is equivalent to the following equations

E c(p) — imwxy)
Vo=—%1, Ys=———"7—"T11,
mc mc
c(py — imwky) c(p3 — imwxs)
Ys=——"—"—>—V1, Ys=——T7T73—""VY1,
mc mc

[2(p1 +imwZ)) (P — imwiy) + 2 (Pr + imwiy) (py — imwi) |

+ [c2(p3 + imw3) (p3 — imwis) +m>c* — E* ]y = 0. (15)

Making use of the (4), the last equation in the (15) can be written as

1 ma?6* 2 2 mae? n? 2 2 p;  mo’x:
[(ﬂ * W)“’l )t (T * gmnz>(xl )t o, T }”1

N+ m*w?6 E? —m?c* + 2mczhef_,«-w +mc?hw
B 2mh Lo 2mc? Vi =0. (16)
By taking the following wave function
Vi(0, ¢, x3) = x (p)e!™My%(x3), m;=0,4+1,42,43,..., (17)
and substituting (17) into (16),we can easily arrive at
R 32 1
[%W + (E - Emwzx_%)]w“(xa) =0, (18)
3
R [ d? 1d ml2 _ 1
—(—=+-——-= E—E, — -ma*p* =0, 1
[2n‘1<dp2+pdp p2>+( w " )]X(p) 1
where
o 4mh?
"= 42 + m2w?0?’
1
o= e V@Em2R2w? + n?) (4R + m202w?),
P E? —m*c* + 2mc*hpr0 + me*ho + nctm; + m*c*w’0Om,
N 2mc? ’
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The (18) is well-known the one-dimensional Schrédinger equation of oscillator and we can

easily get
Vmw _mo 2 mw
Ip_asc(x ) = |— Y TN an ), (20)
3 XSS ’nh-nx3! 3 i 3
1
E,,, :hw(nx3+5), n,=0,1,23,.... 1)
In the (20),

q [mw
n_r x
x3 h 3
is Hermit polynomial.

In order to solve (19),make the change of y = mwp?/2k and (19) can be expressed as

[ @ +d+< - —’"’2>] (") =0 22)
yd_yz E B—y E xXy)=9,

where 8 = (E — Enxs)/ha) . Introducing a new variable y = |m;|+ 1 and @« = — (8 — y)/2.
and considering the following radial wave function

x(E) =eSEM2f(E). (23)
Equation (22) can be written as
d>f (&) df () B
3 42 +[7/—2$]?—2af(5)—0. (24)

Taking z = 2&, and inserting it into (24), we have following equation

d*f(z) )df(z)
d

Z e +(y—z - —af(z) =0. (25)

(25) is nothing but the confluent hypergeometrics equation [19], and considering the bound-
ary condition that z — 0(p — 0) leads yx (z) tending to finite, Its solutions are well- known
confluent hypergeometric function type

f(@) =NF(a,y,2). (26)
Considering the boundary condition [21] z — co(p — 00), x (z) — 0 we obtain
a:—[(E—En_¥3)/hw—|m1|—1]/2=—np, n,=0,1,2,3,..., (27)
and the function v, can be written in following form
mo , mo 2)

Yi(p. ¢, x3) = Np"!le!m1e exp(—%ﬂ TR

mo [mo
X F<_nﬂs |ml| + 17 7p2>an3 ( 7)63)’ (28)
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where N is the normalization constant.

Noting that E=[E*—m?c*+ 2mc2heffw +mchow + nctm; +m*w’0m;]/2mc?, o =
—(B—vy)/2and o = —[(E — E%)/hw — |my| —11/2 = —n,,, the eigenvalue of DKP equa-
tion with Dirac oscillator potential can be obtained in form

1
E? = 2mc2hc?)(2np + |my| + 1) + 2mc27m)<nx3 + E) +m?c*t

npmix3

— 02(77 +m’w?0)m; — 2mc2heffa) — mcthw. (29)

From (29), we can see that the energy spectrum of massive spin-0 particles is exact and
not degenerate due to the noncommutative effect. Making use of the solution of component
¥1(p, ¢, x3) and considering (15), finally the corresponding total wave function ¥ (p, ¢, x3)
can be deduced. As a consequence, the total wave function ¥ (p, ¢, x3) can be expressed

H 0
EH/mc” imdon, A 0
V(o ¢, x)=A | i(Be® —ye H | F 4 ——PZ_ | [, e 49 e ?]H |F,,
(Be'® + ye )H mc(jmy| + 1) i[9, e — 9 e H
21,/ fiw/mc?H’ 0
(30)
Yy mox? X — 7 D —
A= Nplnule—#—z—h}ﬁ\mz\d’, B= _1 4]11"160&)9 n + (mo — mw) |p,
2mc 2h
—1 [ mmowd —n (G ) o+ —h | mwb \ |m|
=— | ——— — (Mo —nmw — (1= — ) —,
v 2mc 2h p mc 2h P
mop? map>
Fi =F( —n,, 1 + |my|, ., F=F(1—n, 2+ |ml, ,
h h
b=+t ma)Q, 5 —1_ ma)Q, oo V@m2R2w? + n2)(4h? + m292a)2),
2h 2h 4mh?
HeH mw H—H mo _ dmh?
=H, —Xx3 |, =H,, 1|/ X)) nm=——757
s\V a7 s=\V 4R? + m?w?6?
This total wave function must satisfy the normalization condition [30]
[ 50080 0r0dpas=1. G31)

Substituting (30) into (31) and after some computation, we can obtain the normalization
constant N as

e R (1, =0,1.2.3,..
N = 3 , ny,=0,1,2,3,... . (32)

np n (+lm DN (=np)k (—np)n—k
200 2-k=0 TGNy Dy (T D m;=0,£1,£2,...
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3 Discussion

The DKP equation with Dirac oscillator potential for spin-0 particles has been studied in
the noncommutative phase space. Its wave function and corresponding energy level can be
obtained, its normalization constant can be obtained also. From the results of this paper, if we
let the parameter 7 is equal to zero, the result of this paper will be reduced to the result as [15]
in noncommutative space, if we just consider two-dimentional noncommutative phase space,
the result of this paper will be reduced to the result as [22], and will be reduced to the result
in commutative space for n =6 = 0.

4 Conclusion

The DKP equation with Dirac oscillator potential for spin-0 particles has been studied when
both space-space noncommutativity and momentum-momentum noncommutativity are con-
sidered. The exact wave functions and corresponding energy levels are obtained. Due to the
noncommutative effect, the energy spectrum of massive spin-0 particles is not degenerate.
The result obtained here can be reduced to the result in commutative space for n = 0 and
6 =0.
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